1. In this paper we intend to give a new proof and various generalizations of the following theorem due to Hahn:f If {/n(0 } is a sequence of summable functions in the interval J = (0, 1) and i/lim" fefn(t)dt exists for every measurable set EcJ, then the indefinite integrals Fn(x) =/o fn(t)dt are equally absolutely continuous in J and therefore converge to an absolutely continuous function.
STANISLAW SAKS [April To prove (i) we simply put Ui(t) = u(t) + xo(t) [l -u(t) ], u2(t) = x0(t) [l -u(t) ].
To prove (ii) we put Ui(t) = Xi(t)[l -*,(*)], «2(0 = *2(/) [l -Xl(t) ].
To prove (iii) let n be an arbitrary integer >r_1. Let »,-(i = 1, 2, ■ ■ ■ , n) denote'the characteristic function of the interval ((i -l)/n, i/n). The functions Ui(t) =x(t)vi(t) satisfy the condition required by (iii).
The theorem of Hahn will now be stated as follows (in a slightly more general form) : Theorem 1. // {/"(/)} is a sequence of integrable functions and if the sequence of functionals Fn(x) = f fn(t)x(t)dt, x c R, J o defined in the space R, converges on a set of the second category* H cR, then the unctionals Fn(x) are equally continuous^ in. R.
We can suppose that the sequence of the functionals Fn(x) converges to zero for every xcH; otherwise we could replace the sequence {Fn(x) } by the double sequence {F"(x)~Fm(x)}.
Let e be an arbitrary positive number. Denote by Hn the set of points x cRsuch that | Fm(x)\ =? e/2 for every m^n. Then H c £f". n As H is by assumption of the second category there exists a value n0 such that Hn¡¡ is also of the second category. On the other hand, by the continuity of the functionals Fn(x), all sets Hn are closed; hence H"t contains a sphere, sayf K = K(xo\ r). Let « be an arbitrary element of R such that ||«|| ^r. Then, by * In the sense of Baire. See for instance Hausdorff, Mengenlehre, 1927, pp. 138-145. t I.e., to every e>0 there corresponds an 7j>0 such that ||a;||£j/, x C if?, implies \Fn{x) \ ge (n=l, 2, • ■ • ). From the equal continuity of the functionals F"(x), it readily follows that under the assumptions of Theorem 1 the sequence {Fn(x)} converges everywhere in R. For a more general result see below, Theorem 4 (i).
t In metric spaces, K(x<¡; r) will generally denote the sphere whose center is x<¡ and radius is r. the preceding lemma, (i), there exist elements «i, m2 in R such that Mi = m2+m, Mi c K, u2 c K. Therefore for every n 2: n0,
Thus the theorem of Hahn is established. By the same method the following theorem may be proved:
Theorem 2. If {/"(0 } is a sequence of functions integrable over the interval J = (0, 1) and if for all functions x(t) of a set of the second category in the space R _I r1
lim I fn(t)x(t)dt < oo,
3. In the sequel we shall consider functional transformations defined either in an arbitrary metric complete linear space or in the space R of characteristic functions ( §2). The values assumed by these transformations will belong to the space 5 of all measurable functions defined on a measurable set Z. The distance ¿(£, n) of two functions £(0, i)(t)cS will be defined by the well known formula of Fréchet 
he a functional transformation of the kind described above (£ is a measurable function, x an element of a metric space* E, tel). Since E and S ave metric spaces it is clear what should be understood by the continuity of the transformation (3.1). This transformation will be called linear if it is continuous and if, for every pair of elements x, y in E,
provided that the sum x+y is defined and belongs to Z2.f * For the sake of convenience we shall use the Greek letters {, ij, ■ ■ • to denote the elements of the space S, i.e., the measurable functions, and italics, x,y, • • ■ , for the elements of the space where the transformations (3.1) are defined; / will usually denote points of the set I.
t This restriction is necessary in the case of the space R which is not linear. H c E, the inequality Hm | in(x, t)\ < ao n holds on a set of values of t of measure a>0, then to every e, 0 < t < a, there correspond a set Ac I (independent of x) of measure a -e, a sphere K in E, and a number M, such that
for every xcK and all tcA with the exception at most of a set of values of t of measure zero (which might depend on x).
Let Sí be a sequence of measurable subsets of the set / everywhere dense in the space of all measurable subsetsf of I. Let {Am} be a sequence of all sets * This exceptional subset generally depends on n. f I.e., the set of the characteristic functions of sets of 21 has to be everywhere dense in the space of all measurable characteristic functions defined over / (see §2). H is by assumption of the second category. Hence, there exists a number M such that H m is also of the second category. On the other hand, since the transformations (4.1) are continuous the sets Hm are closed, and therefore H m contains a sphere K. It is easily seen that the set AM, the sphere K, and the number M satisfy the required conditions. Let «o be the upper bound of all numbers a such that there exists a set H (a) of the second category in E with the property that for every x c H(a) (4.2) hm \Ux,t)\ < °°n in a subset of Z of measure a.% Theorem 3 is trivial when a0 = 0. Hence we may assume a0>0. Then, by the preceding lemma, there exists for every p a sphere Kp, a number Mp and a set Apcl oí measure ^ao -l/p such that for every x c Kp,
* This theorem has been proved in our previous paper (Saks [l] ) under the assumption that there exist an everywhere dense set Ei in E such that the sequence {Fn(x)} converges for every xCEx.
t A may be empty or coincide with the whole set /. t This subset in general depends on x.
[April almost everywhere on Ap. Let (4.4) A = X>P. v We shall prove that the set A has properties (i), (ii), (iii) above. First, the inequality (4.2) holds for almost every tcAp and every x cKp, and so, by the linearity of the space E, for almost every tcAp and every xcE, lim | £"(*, t)\ < oo . n Finally, by (4.4) this holds for almost every t c A and every xcE. Hence, property (i) is established.
In order to prove (ii) suppose that there exist a set H of the second category in E such that for every xcH the relation (4.2) holds in a subset of I-A of positive measure. Then for every xcH this relation would hold in a subset of / of measure >meas A =a0, which contradicts the definition of the number a0-Finally, let rp be the radius of the sphere Kv, and let *o be an arbitrary element in E such that ||*0|| ^rp/(pMp). It easily follows from (4.3) that P for almost all tcAp, i.e. everywhere in A with the exception at most of a set of measure orneas (A-Ap)^l/p. Since p is an arbitrary positive integer, this proves property (iii).
5. The theorem of the preceding section, with the exception of property (iii), may be easily extended to the operations considered in the space P( §2). The proof remains essentially the same, only instead of the linearity of the space E we should use the properties of the space R as stated in the lemma of §2. Property (iii) obviously fails for the space R. However we have the following theorem:
Theorem 4. // {£n(*, t) =Fn(x)} (£ncS,tc I) is a sequence of linear transformations defined either in a linear metric complete space E or in the space R, then there exists a set B ci with the following properties:
(i) The functions Fn(x) are equally continuous and the sequence{Fn(x)} converges with respect to B for every x in E (or in R).
(ii) The sequence {Fn(x)} diverges with respect to any subset of I -B of positive measure for every x in E (or in R) with the exception at most of a set of the first category in E (or in R).* We shall prove this theorem for the space R, the proof for the linear spaces being even simpler. We shall use the following lemma which is itself a generalization of the theorem of Hahn of §2.
Lemma. If
(where C is a measurable set) is a sequence of linear transformations in the space R converging with respect to C on a set of the second category H c R, then Fn(x) are equally continuous with respect to C (and therefore limn Fn(x) is also a linear transformation in R with respect to C).
The proof runs exactly as that of Hahn's theorem. We can suppose again that the sequence {£"(#, 0 =Fn(x)} converges in H to zero. Then, for every «>0, there exist a number «0 and a sphere KQ in R, of radius r, such that \\Fn(x)\\c = \\Ux, t)\\c = e/4 for every xcK0 and n^n0. From (i) and (ii)-of the lemma of §2 it readily follows that dc(xi, x2) gr implies H^«^) -Fn(xi)\\c^ e for every two points xi, x2 in R. This proves our lemma.
We now proceed to the proof of Theorem 4 (for the space R). Denote by a0 the upper bound of numbers a ^ 0 with the property that there exists a set B(a) cZ of measure a such that the given sequence {Fn(x)} converges with respect to B(a) for all x c R. Let B he the sum of all sets B(a), a ^ ao-The set B has both properties (i) and (ii). Indeed, property (i) follows immediately from the definition of B and from the preceding lemma. It remains to establish property (ii). Suppose that for all a; of a set of the second category in R, {Fn(x)} converges with respect to a subset of I-B of positive measure ; this subset depends generally on x, but, by the same argument as in the proof of the lemma of §4 we can determine a fixed set C cI -B of positive measure such that {Fn(x)} converges with respect to C for all a; of a set of the second category H c R. There exists a sphere Ko in which H is everywhere dense. By the preceding lemma the transformations Fn(x) are equally continuous with * Hence, to any sequence of transformations {Fn(x)} in a linear space E there correspond two sets A and B (as defined by Theorems 3 and 4). We have obviously BCA (with the exception at most of a set of measure zero). In a special case, if there exists an everywhere dense set £1 in E such that the sequence {Fn(x)} converges for every xCEi (at least with respect to the set B), it follows easily from the property (iii) of Theorem 3 that B = A (Saks [l], Theorem 6). This obviously is not true for the space R.
